Abstract. In this paper, we generalize the equations of loxodromes on helicoidal surfaces and canal surfaces in E 3 to the case of 4-dimension (E 4 ). Also we give some examples via Mathematica.
Introduction
A curve which cuts all meridians at a constant angle on the Earth's surface is called as loxodrome. Loxodromes don't need a change of course and thus, they are usually used in navigation. Noble [11] investigated the equations of loxodromes on the rotational surfaces in Euclidean 3-space E 3 . The orbit of a plane curve under a screw motion is called as helicoidal surface and it is a natural generalization of rotational surface. The equations of loxodromes on helicoidal surfaces in E 3 were found by Babaarslan and Yayli [3] .
Another generalization of rotational surfaces is canal surfaces and they are de…ned as envelope of a family spheres whose trajectory of centers lie on a space curve. When the radius of spheres is constant, the canal surfaces reduce to tubes with constant radius [12] . Also, if the centers of spheres lie on a straight line, then the canal surface is a rotational surface [9] . For example, the sphere is a special canal surface whose axis is a straight line. The di¤erential equations of the loxodromes on canal surfaces in E 3 were given by Babaarslan [4] . Rotational surfaces in Euclidean 4-space E 4 was …rst introduced by Moore [10] . After that, a lot of authors studied on rotational surfaces in E 4 (see [13] , [14] , [1] , [2] , [6] ).
The parametrization of tube with variable radius in E 4 was given by Gal and Pal [9] . Also, the de…nition and parametrization of helicoidal surface in E 4 were given by Hieu and Thang [8] .
In this paper, we generalize the equations of loxodromes on helicoidal surfaces and canal surfaces in E 3 to the case of 4-dimension (E 4 ). Also, we give some examples by using Mathematica computer programme.
Preliminaries
In this section, we recall some important notions and also give some properties of curves and surfaces in E 4 . Let x = (x 1 ; x 2 ; x 3 ; x 4 ) and y = (y 1 ; y 2 ; y 3 ; y 4 ) be vectors in E 4 : Then, the inner product of them is given by
The norm (length) of a vector x 2 E 4 is de…ned by kxk = p hx; xi and the vector is called as a unit vector if kxk = 1:
Also, the angle between x and y is given by
where 0 < < :
The arc-length of between t 0 and t is
Then, the parameter s 2 J R is determined such as 0 (s) = 1: Thus, is called a unit speed curve if 0 (s) = 1: Now, we give the de…nitions and parametrizations of rotational surfaces and helicoidal surfaces in E 4 : Let : I R ! be a smooth curve in a hyperplane E 4 and P be a 2-plane line in : If the pro…le curve is rotated about P; then the resulting surface is rotational surface in E 4 : Similarly, let us assume that when rotates about P; it simultaneously translates along a line l parallel to P so that the speed of the translation is proportional to the speed of rotation. Then, the resulting surface is a helicoidal surface in E 4 (see [8] ). Let x; y; z; w be the coordinates in E 4 : We assume that is xzw-hyperplane, P is zw-plane and l is parallel to the z-axis. Then, the rotation which leaves the plane P invariant is given by the following rotational matrix 2 6 6 4
We consider the pro…le curve (u) = (f (u); 0; g(u); h(u)) in ; where u 2 I R and f (u) > 0: Then, the parametrization of the helicoidal surface M is M (u; v) = 
where > 0: When g is a constant function, the helicoidal surface is called the right helicoidal surface. When = 0; the helicoidal surfaces reduce to rotational surfaces in E 4 : Also, when h is a constant function, the surface is just a helicoidal surface in E 3 [8] . Also, we give the parametrizations of tubes with variable radius in E 4 : We consider the spine curve (u) = (f (u); g(u); h(u); 0) ; where u 2 J R; that is is parametrized by arc-length. Then, the Frenet formulae is given by 0 (u) = e 1 (u);
where fe 1 (u); e 2 (u); e 3 (u); e 4 (u)g is Frenet orthonormal basis of ; (u) and (u) are the curvatures of : Then, the parametrization of tube with variable radius C is
( [9] , [5] ).
The Equations of Loxodromes on Helicoidal Surfaces
In this section, we …nd the equations of loxodromes on the helicoidal surfaces as well as rotational surfaces in E 4 . Also, we give an example to strengthen our main results.
De…nition 1. A curve on a helicoidal surface in E
4 is called as a loxodrome if the curve cuts all meridians at a constant angle on the helicoidal surface.
Let us consider the helicoidal surface M which is given by Eq. (5). To simplify the calculations, we assume that is parametrized by arc-length, i.e., f 02 (u) + g 02 (u) + h 02 (u) = 1 for all u 2 J R:
By using these equations, the coe¢ cients of …rst fundamental form of M are
Also, the arc-length of any curve on M between u 1 and u 2 is given by
Suppose that (t) is a curve on M: Then, we can write (t) = M (u(t); v(t)): With respect to the local base fM u ; M v g ; the vector 0 (t) has the coordinates (u 0 ; v 0 ) and the vector M u has the coordinates (1; 0): At the point p = M (u; v); where the loxodrome cuts the meridian at a constant angle ; we get
Then, Eq. (11) can be expressed in the form:
This is di¤erential equation of the loxodromes on the helicoidal surfaces in E 4 : Thus, the general solution of Eq. (12) becomes
where " is plus or minus. Then, we can give the following theorem.
Theorem 1. The loxodromes on the helicoidal surfaces in E 4 are
where v(u) is given by Eq. (13). When = 0 in Eq. (13), we …nd the following general solution of di¤erential equation of the loxodromes on the rotational surfaces in where
If g is a constant function, then the arc-length of loxodrome on the right helicoidal surface in E 4 is given by
Similarly, the arc-length of the loxodrome on the rotational surface in E 4 coincides with Eq. (15). Now, we give the following example. 
The Equations of Loxodromes on Tubes with Variable Radius
In this section, we …nd the di¤erential equations of loxodromes on the tubes with variable radius in E 4 . Also, we give an example to strengthen our main results. Let us consider the tube with variable radius C which is given by Eq. (6). The tangent plane to C at a point p = C(u; v) is spanfC u ; C v g :
A direct computation yields
and C v = r (u) sin ve 3 (u) + r(u) cos ve 4 (u): By using these equations, the coe¢ cients of …rst fundamental form of C are E = 1 + r 02 + r 2 2 cos 2 v ; F = 0 and G = r 2 :
Assume that EG F 2 = r 2 + r 2 r 02 + r 4 2 cos 2 v >0; that is, C is regular. The …rst fundamental form of C is given by
Also, the arc-length of any curve on C between u 1 and u 2 is de…ned by
1956 M URAT BABAARSLAN Let us assume that (t) is a curve on C: Then, we can write (t) = C(u(t); v(t)): With respect to the local base fC u ; C v g ; the vector 0 (t) has the coordinates (u 0 ; v 0 ) and the vector C u has the coordinates (1; 0): At the point p = C(u; v); where the loxodrome cuts the meridian at a constant angle '; we get 
Then, di¤erential equation of the loxodromes on the tubes with variable radius in E 4 is given by
Furthermore, we put the condition that the second curvature of has null value. This means that is a 2-plane curve. Then, the general solution of Eq. (20) becomes
where " is plus or minus.
Under this condition, we can give the following theorem. 
Conclusion
Loxodromes are special curves which cut all meridians at a constant angle on the Earth's surface. They do not need a change of course. Thus, they are usually used in navigation. Loxodromes on rotational, helicoidal and canal surfaces in Euclidean 3-space E 3 were studied by di¤erent authors (see [11] , [3] , [4] ). In this paper, we investigate the equations of loxodromes on helicoidal surfaces as well as the tubes with variable radius in Euclidean 4-space E 4 , that is, we generalize the equations of loxodromes on helicoidal surfaces and canal surfaces in E 3 to E 4 . The next time, we will investigate the di¤erential equations of space-like and time-like loxodromes on the non-degenerate rotational surfaces, helicoidal surfaces and tubes with variable radius in Minkowski space-time E 
